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I. INTRODUCTION 
In [I, 3, 6, IO-161 the methods of ordinary differential equations are 
adapted to delay-differential equations to obtain oscillation and nonoscillation 
criteria for linear delay-differential equations which is similar to known 
criteria for ordinary equations. 
In particular, the second order linear delay-differential equation 
Y"(t) + t7w YkW) = 0 
with q(t) > 0, g(t) ,< t, g(t) --t CO as t--f co has been investigated by a 
number of authors (see [l], [6], [IO]-[16] for example). However, only [7] 
and the present paper are concerned with the case q(t) < 0, say q(t) -- -p(t). 
For equations y”(t) - p(t) y(g(t)) = 0 with p(t) > 0, oscillatory and non- 
oscillatory solutions can coexist, whereby the method of Riccati equations, 
which so dominates the ordinary case, becomes all but useless (see Examples 
1.1-l .6 below). 
In contrast, the present paper develops oscillation criteria for delay- 
differential equations which depends in a qualitative manner on the initial 
function, and so explicitly involves the delay that the criteria never applies to 
ordinary equations. Further, the techniques used are not limited to linear 
equations or to second-order equations. Finally, it is shown that the results 
are not limited to delays which are nondecreasing or coefficient functions 
which are one-signed. 
The question of cxtendability always arises in qualitative investigations for 
linear and nonlinear equations, and we mention here that general theorems 
exist (e.g., see [4, 8, 91) which guarantee extendability. For example, if the 
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equation is linear with constant coefficients and has bounded retardations, 
then solutions are extendable. Hereafter, “solution” means “solution on a 
half-axis,” to avoid unintentional claims of extendability. 
Intervals of adherence (see [9]) are not excluded, but we take the following 
definition of oscillation: A solution y(t) on t > T is oscillatory if there exists 
a zero of y(t) on every half-axis. 
We shall consider in the following sections solutions y(t) with initial func- 
tion v(t) which satisfy a growth condition of the form y(t) = 0(2(t)) where 
z(l) is some positive function defined for large t. This imposes a restriction 
on p)(t) and poses an unsolved problem in the qualitative theory of delay- 
differential equations: Which initial functions F(t) correspond to solutions 
y(t) with y(t) = 0(x(t)) ? The answer to this question perhaps lies in undevel- 
oped aspects of stability theory for linear functional differential equations, 
because the corresponding question for ordinary equations (initial data 
replaces initial function) has a respectable amount of literature. 
These introductory remarks end with the following examples. 
EXAMPLE 1.1. Let u and p be defined by 
tan(o/&) = 1 + 2/Z!, n < u/1/? < 3~12, 
peOi2 cos(~/z/~) = -l/d?. 
Then 
y”(t) + pt-“y(t/eu) = 0 
has two unbounded monotone increasing solutions, and a damped oscillatory 
solution with limit zero. 
EXAMPLE 1.2. Let CJ and p be defined by 
tan(a/4) = -4, 3n/2 < a/4 < 2a, 
4~ cos(0/4) = eOi4. 
Then 
y”(t) + pt-2y(t/eu) = 0 
has an unbounded oscillatory solution and two monotone increasing 
unbounded nonoscillatory solutions. 
EXAMPLE 1.3. The equation 
i ! fY/ 
I 
- 4ty((t”)l’2 - 77) = 0, t b 2, 
has all bounded solutions oscillatory. In particular, y(t) = cos(P) is one such 
solution. See Section 2. 
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EXAMPLE 1.4. The equation 
YW - 2y&(t-rr)=0 
has the bounded nonoscillatory solution y(t) = 2 - sin t. Hence, if p(t) 
changes sign, then y” - p(t) y(g(t)) = 0 need not have bounded solutions 
oscillatory. See Section 5. 
EXAMPLE 1.5. The function y(t) = 1 satisfies 
y”(t) + YW = YMG 
Therefore, for q(t) > 0, p(t) > 0, bounded solutions of 
Y”(t) + c?(t) r(t) = P(i) Y(&)) 
need not oscillate. See Sections 2 and 4. 
EXAMPLE 1.6. The equation y”(t) - y(t - T) = 0 has a bounded non- 
oscillatory solution ewAt (A > 0) for 0 < r < 2e-l, but bounded solutions 
oscillate for 7 > g/z (see 2.2 and [7]). 
Remarks 1.7. Examples 1.1, 1.2 show that oscillatory and nonoscillatory 
solutions can coexist for 
I have been unable to find criteria in the literature which detects the behavior 
of 1.1 and 1.2; the present paper makes no attempt in this direction. How- 
ever, Bradley [l] and Waltman [16] show that for q(t) 3 0 and s” Q = co, 
mild assumptions on the delay force extendable solutions to be oscillatory. 
In contrast, Coles and Schmitt [2], and Ladas [6], show that an integral 
convergence criterion will force nonoscillation. 
In 1.3-1.6, the disorder common to geometric theory of delay-differential 
equations again asserts itself, but one sees that bounded oscillatory responses 
are caused by the delay, and not by similarity to ordinary equations. 
2. CRITERIA FOR OSCILLATION OF LINEAR SECOND ORDER EQUATIONS 
THEOREM 2.1. Assume p(t) > 0 and continuous, g(t) nondecreasing and 
continuous with t > g(t) --f co as t + CO. 
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I f  there exists a sequence {tn} -+ co with 
s ,I; ) [r - &n)l f-G) dr 2 19 n 
then bounded solutions of 
are oscillatory. 
y”(t) - PWY (g(t)) = 0 
COROLLARY 2.2. If  T >, 0, p(t) 3 0 and continuous, and T2p(t) 3 2 for 
t > 0, then bounded solutions of 
are oscillatory. 
y”(t) - p(t)y(t - T) = 0 
COROLLARY 2.3. If  k > 1, p(t) is nonnegative and continuous, and 
p(t) > 2k2/(1 - k)2 t2 
for large t, then bounded solutions of 
r"(t) - PWYW) = 0 
are oscillatory. 
THEOREM 2.4. Assume p(t) > 0, g(t) nondecreasing, both continuous, with 
t > g(t) -+ 00 us t ---f 00. Let 
Ly f  y” + al(t) y’ + a,(t) y  = 0 
have a solution cp(t) + 0 for t 3 T satisfying 
where 
s - b-l(t) dt = 00, r 
and put 
4) = Wldt), 
p(t) = j-i, b-l(r) j- t 4s) d&N P(s) ds dr. 7 
If P(t,) > 1 for some sequence {tn} --f co, then solutions of Ly = P(t) y(g(t)) 
with y  = O(v) are osciZZatory. 
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Remurks 2.5. The first corollary includes a result of G. Ladas [6] with 
the additional restriction that p E Cl, p’(t) < 0. 
The solution y satisfying & = 0 and j” b-i = co is called a principal 
solution by P. Hartman [5, p. 3551. Hartman shows that v(t) exists if Ly = 0 
is nonoscillatory on t 3 0, and v(t) is uniquely determined up to a constant 
factor. 
3. CRITERIA FOR OSCILLATION OF NONLINEAR SECOND ORDER EQUATIONS 
Consider the nonlinear delay-differential equation 
r”(t) + 4(t) [%nYkwl I YMW = 0, y > 0. ( w  
In Refs. [l, 2, 3, 121 the question of oscillation of all solutions of (NL) for 
0 < y < 00, q(t) > 0, is investigated with the techniques motivated by the 
corresponding theory for ordinary equations. 
The author has been unable to find references for sublinear and super- 
linear oscillation when q(t) < 0. The case when q(t) changes sign has not 
been developed to date. 
It will be shown here that, under suitable hypotheses, the oscillatory 
response of bounded solutions of a sublinear equation (NL) is caused by the 
asymptotic character of the delayg(t). 
THEOREM 3.1. Let p(t) > 0 be continuous, and assume the delay g(t) is 
continuous and nondecreasing with limit co as t -+ 00. 
If there is a sequence {tn} -+ cc and a number l > 0 with 
I tn [r - g&J1 p(r) dr > E dt,) 
then bounded solutions of 
y”(t) - P(t) bgvkW1 I rMW = 0, O<y<l, 
are oscillatory. 
COROLLARY 3.2. Let p(t) and g(t) be given as in the theorem. Assume 
LY = ye + al(t) Y' + a,(t) y  = 0 
has a principal solution p)(t), and put 
b(t) = v”(t) exp (J’,’ 44 du) , c(t) = Width 
w = i,;, b-l(r) j t 4s) @wN P(s) ds dr. 
T 
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If there is a sequence {tll} -+ 00 with P(tJ > E > 0, then solutions of 
LY - P(t) [w y(&)) I r(&W = 0 
with y  = O(y) are oscillatory. 
COROLLARY 3.3. Let p(t), g(t), v(t) b e g iven as in the previous corollary. 
Assume f(t, u, v) is continuous for t 3 --r and u(t), v(t) E C([-Y, 0] + R), 
and for each eventually nonnegative function y(t) E C2(0, CO), 
fkrt ,Y:) >P(t>y%AtN as t+co 
where 0 < y  < 1. Then solutions of the functional dsfferential equation 
y”(t) + al(t) y’(t) + a&) r(t) - f  (4 Yt y  rt’) = 0 
which satisfy y  = O(T) are oscillatory. 
COROLLARY 3.4. Assume 0 < yi < 00, p,(t), gi(t) E CIO, co), p,(t) > 0, 
t >, gi(t) --f co, i = I,..., m, and for some index j, 0 < yj < 1, gj(t) is non- 
decreasing, and 
tn 
s s 
t?l 
pj(r) dr ds > ; > ” 
I, 
Yj < 1, 
g,(t,) s yj = 1, 
for some sequence (t3 -+ co. Then all bounded solutions of 
y”(t) = 5 Pi(t) [w YkdtNl I A&W 
i-1 
are oscillatory. 
4. CRITERIA FOR HIGHER ORDER EQUATIONS 
The methods of the previous sections are actually even order methods. 
We extend here the previous results to linear and nonlinear even order 
delay-differential equations. The theorems are also valid for odd order 
equations of the same type; but in this case, standard methods in ordinary 
differential equations apply, and one finds that the oscillation of bounded 
solutions is not caused by the delay, but by the divergence of the integral 
1” t”p(t) dt. 
The function y  = eet is a solution of yiD = y, and hence from ordinary 
equations one would not expect bounded solutions of yiV =p(t) y(g(t)) 
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(p(t) > 0) to oscillate, in general. It will be shown here that, under suitable 
hypotheses, the delay propagates bounded oscillations. 
THEOREM 4.1. Let p(t) 3 0 b e continuous on [0, oc)), and assume g(t) 
is continuous with t 3 g(t) -+ CO as t---f co. 
If  there exists a sequence {tll} + cc with 
then the bounded solutions of the even order linear delay-differential equation 
y’k’fl) - p(t) y(g(t)) = 0 
are oscillatory. 
COROLLARY 4.2. Ijr > 0, p(t) 3 0 and continuous with 
then bounded solutions of 
are oscillatory. 
y’“+” - p(t) y(t - 7) = 0 
COROLLARY 4.3. If h > 1, p(t) > 0 and continuous with 
(k+ll)!T f J h - l P+lp(t) > 1, 
then bounded solutions of 
y(“+l’ - p(t) y(t/A) = 0 
are oscillatory. 
Assume that the ordinary linear differential equation 
Ly = y(“+l) + a,(t)yCk) + .*. + a,(t) y  = 0 
is disconjugate for large t. Then Ly = 0 has principal solutions y1 ,..., yK+I 
satisfying P6lya’s Wronskian condition 
wj = VYl ,...,Yi) > 0, j = I,..., k + 1 
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and 
LY = bk,l(bk . . . (b,(b,(b,y)‘)‘)’ ..*)’ 
with 
b, = W,“l W,-l W,,l , w,= Wq=l, 
Wk = Wk,, 1 j = l,..., k + 1. 
Furthermore, 
s m b;‘(s) ds = co T  
forj = I,..., k and bil =yI . For an elementary exposition of these results, 
consult the development given by D. Willett [17]. 
THEOREM 4.4. Let Ly = 0 be an eventually d&conjugate ordinary linear 
differential equation of even order k + 1. 
If  p(t) > 0, t -g(t) > 0 and continuous, g(t) --f co as t -+ 00, and the 
functions bj(t) (0 <j < k + I) of th e p receding paragraph satisfy for some 
sequence (t3 --f co the inequality P(t,) 2 1 where 
p(t) = j,:, b;YsJ qt 
1 
..+ b;‘(sJ It b,-:,(s) b,l(g(s))p(s) ds o?+ ... ds, , 
Sk 
then soZutions of Ly = p(t) y(g(t)) with y  = O(y,) are osciZZatory. 
COROLLARY 4.5. Letp(t), g(t), Ly = 0, yl(t), P(t) begiven as in the theorem, 
except that boy replaces bil in the de$nition of P(t). I f  P(t,) > E > 0 for some 
sequence {tn} + co, then solutions of 
LY = P(t) bsn A&N1 I rk(W 
with y  = O(y,) are osciZlatory (0 < y  < 1). 
COROLLARY 4.6. Let p(t), g(t), Ly = 0, n(t), P(t) be given as in 4.5. 
Assume that the functional 
f  (t, Xt 3 Xt’,..., $‘, 
is continuous in all its variables on [0, CO) x {C[-Y, O]}k+l, and for any 
function x E Ck[O, co) which is eventually nonnegative, one has for large t the 
the inequality 
f  (t, Xt > Xt’,..., Jk)) 2 p(t) JMt)) t , 
whereO<y,(l. 
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If P(t,) 2 l > 0 for some sequence (tn} + co, then solutions of 
Ly =f(Grt Y.,Y’l”‘> 
with y = O(y,) are oscillatory. (For y = I, one must take E = 1.) 
COROLLARY 4.7. Let h(t, x) be continuous for t 2 0, x E (- co, co). Suppose 
p(t) = Irli h$ 
is continuous and nonnegative for some y E (0, 11. 
If P(t,J > E > 0 for some sequence {tn} ---f co (notation as in the previous 
corollaries), then solutions of Ly = h(t, y(g(t))) with y = O(y,) are oscillatory. 
(c = 1 when y = 1.) 
5. CRITERIA FOR OSCILLATION OF y”(t) -p(t)y(g(t)) = 0, 
p(t) NOT OF CONSTANT SIGN 
Let p(t) be continuous for t > 0 but not necessarily of constant sign. If 
the negative portions of the graph of p(t) are in some sense small, then one 
would expect from previous results that circumstances exist under which the 
delay causes bounded oscillation. 
To fix our ideas, and not unduly complicate matters, let us assume that the 
set G = {t:p(t) < 0} consists of open intervals (b, , c,) (n > I) with 
cn < &+I > n > 1. The negative portions of the graph of p(t) must somehow 
be cancelled out by the positive portions, and it turns out that the end will be 
achieved by Assuming the existence of a number a, E (cn , b,,,) such that 
s 
b,+1 
p(t) dt 3 0. 
nn 
Secondly, the integral 
P(t) = Lrt) rr - &)I P(r) & 
should play a part in the criteria. The appropriate assumption appears to be 
the existence of a sequence (tn} + co such that 
and g(t) nondecreasing on this interval, n > 1. 
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The action of g(t) on [a,, 6,+J pl y  a s a deciding role: We assume for 
simplicity of exposition that g’(t) < 0 on this interval, n > I. 
THEOREM 5.1. Under the above hypotheses, bounded solutions qf 
Y’W - p(t) y(g(t)) = 0 
are oscillatory. 
COROLLARY 5.2. If the hypotheses on p(t) and g(t) are satisfied, and q(t) 
is continuous on [0, a) with q(t) > p(t), then bounded solutions of 
are oscillatory. 
r”(t) - 4(t) YMtN = 0 
COROLLARY 5.3. If the hypotheses on p(t) and g(t) are satisfied and the 
continuous functional f (t, xt , x,‘) eventually dominates p(t) xY(g(t)) for even- 
tually nonnegative functions x(t), 0 < y  < 1, then P(&) 3 E > 0 for some 
sequence {tn} --f co (C = 1 if y  = I) is suficient for oscillation of extendable 
bounded solutions of 
r”(t) =f(t, Yt ! Y,'). 
Remarks 5.4. There are similar extensions to higher order equations and 
to equations of the form Ly = f  with L disconjugate. The theorems of the 
preceding sections can be used as models for such results. 
EXAMPLE 5.5. An equation y”(t) - p(t) y(g(t)) = 0 with bounded oscil- 
latory solution y(t) = sin t and p(t) not of constant sign. Further, all bounded 
solutions oscillate. 
The example will be constructed so that Theorem 5.1 appliek 
Put A, = [kn, kn + rr], k = 0 ,..., 4. Given E > 0 sufficiently small, let 
h(t) be a function of class c1 with 
h(kn) = (k - 1) r, h’(kn) > 0, k= 1,2,3, 
h’(t) < 0 for 3~ + 7r/2 < t < 5n, 
and nearly approximating the step function 
ho(t) = + x&l + (v - e) xn,(t) + (277 - 6) X&) + (3n - c) XAS(t) 
+ P + 742) X&l 
in the sense that h(t) = h,,(t) except near the points krr, k = 1, 2, 3,4. 
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Defineg(t) = h(t) for 0 < t < Sn,g(t) = 3n + h(t - 5~) for 57r < t < IOr, 
etc. Then g E Cl, and we may assume that g(t) is nondecreasing on [0, 3~1, 
[5rr, 8x] ,.... Further, if t, = (5n - 2)rr, then 
[tn. - 37r + h(h(3?7)), t,] = [t, - 27r, t,] = [(572 - 4) 97, (5n - 2) 4. 
By the choice of h(t), p(t) = -sin t/sing(t) E Cl, and for E > 0 small 
enough, 
s 
5n p(t) dt > 0. 
37?+1112 
It is now simple to verify that g’(t) has the correct signs in the right places to 
satisfy the hypothesis of Theorem 5.1. The condition P(t,) 3 1 follows by 
taking E > 0 small enough, because 
P(t,) = jtt; (s - t, + 4$(s) ds 
na 
and p(s) + cc on [t, - rr, tJ as E -+ 0. 
One can check that p(t) < 0 only on the intervals (&, 5~), (9z-, IOn), etc., 
and that all the hypotheses of Theorem 5.1 are satisfied. Furthermore, 
p(t) sing(t) = -sin t, so y(t) = sin t is a solution of y”(t) = p(t) y(g(t)). 
6. PROOFS OF THE THEOREMS 
Proof of Theorem 2.1. Suppose not, and y(t) is a solution on [0, co) with 
y(t) > 0 for t > T. Since y” 3 0 and y  is bounded, it follows immediately 
that y’(t) < 0 for large t. Therefore, y(g(t)) is nonincreasing for large t. 
Integrate the delay-differential equation over [s, t], and then over [g(t), t] 
(with respect to s): 
rt - g(t)1 r’(t) = y(t) - YMt)) + J::,, [r - &)I P(Y)Y(&)) dy* 
Since p(r) > 0 and y(g(y)) > y(g(t)), one obtains the inequality 
0 2 -jj& + [ ( s,lt, [r - &)I p(r) dr) -11 . 
For large n, we may put t = t, , and a contradiction is reached. Therefore, 
y(t) oscillates. 1 
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Proof of Theorem 2.4. First, observe that 
LY = c-wY/vYY 
where 
c(t) = Wldt). 
From the equation Ly = p(t) y(g(t)) arises the equation 
w ~7 = 44 p(t) dgwj wu 
where x(t) = y(t)/cp(t). I f  this equation has a positive bounded solution (for 
large t), then z’(t) f  0 for large t, and one can conclude as in 2.1 that 
a contradiction. Therefore, Ly = p(t) y(g(t)) is oscillatory. 1 
Proof of Theorem 3.1. Suppose y(t) is a bounded solution on t 3 0, but 
y(t) is eventually positive. Since y” > 0, y’ < 0 for large t. Two integrations 
give 
[t - g(t)1 r’(t) = r(t) - Y(m) + J*:, [y - g(f)1 I@) Y’WN dr- 
For large t, t > r > g(t) leads to y(g(r)) >, y(g(t)), so 
Y&w 2 r(t) + [s,T, [r - &)I P(T) d’] Y%w 
I f  y(t) --+ 0 as t + 03, then 
yl-‘(g(t)) 2 j-l, [r - ‘%+)I P(Y) dy 
and g(t) - 00 as t - co leads to a contradiction, because the right side of the 
inequality is >E for t = t, . Therefore, y(t) + I > 0 as t --f co. In this case, 
we can choose t large enough to insure y(g(t)) < 1 + IYE, and therefore the 
inequality gives 
1 t- lye > 1 + [J-it, [y - ‘ml p(r) g Iv 
for large t. This gives a contradiction by taking t = t, . 
Therefore, y(t) is oscillatory. 1 
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Proof of Theorem 4.1. Suppose y(t) is a bounded solution but y(t) is 
eventually positive. Then y  lk+l) 3 0 implies (-l)iy(j)(t) 3 0 for 
0 <<j <K + 1, because R + 1 is even. 
Successive integrations of the delay-differential equation give 
The left side of the equation is strictly negative, and the right side is bounded 
below by 
A contradiction is reached by taking t = t, . Therefore, y(t) is oscillatory. [ 
Remark. The above proof also succeeds for h + 1 odd, with the modifica- 
tion being that (- l)j+l y(i)(t) > 0, 1 < j < k + 1, with y(a) > 0, 
y  (j)(cu) = 0 for 1 <‘j < k. However, the delay seems to have little to do 
with it, and one arrives at J”J” ... Jmp < co. Therefore, the divergence of 
this integral is sufficient for bounded solutions to oscillate. 
Proof of Theorem 4.4. Let us introduce the quantities 
qy = b,(b,-,(b,(b,y)‘)’ . ..)‘)‘. 1,<j<<++. 
It is possible to show that (- l)j Djy 3 0, 0 < j ,< k + 1, when K + 1 is 
even and y  is an eventually positive solution. The proof now proceeds as in 
4.1. 
Proofs of Corollaries 4.54.7. The first two corollaries are proved in the 
same way as 4.4. The last corollary follows from 4.6. 
Proof of Theorem 5.1. Suppose the delay-differential equation has a 
bounded solution y(t) > 0 for t 3 T. If  y’(t) < 0 for large t, then the proof 
of Theorem 2.1 applies, and a contradiction is reached. Therefore, y’(t) 
oscillates. 
Supposep(t) 3 0 in (OL, p) andy’(t,) > 0 for some t, E (01, /3). Theny”(t) 2 0 
forces y’(t) > 0 for t, < t < ,8. Therefore, y’(t) must oscillate on the open 
set G. 
Ify’(t) < 0 fails on [g[g(t,)), tn], theny’(t) = 0 for some t,g(g(t,)) < t < t,, 
or else y’(t) > 0 in this interval. In either case, y’(t) > 0 in an interval 
t, < t < b where b E G, and y’(b) = 0. 
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Select the first a < b such that sip = 0. By hypothesis, g’(t) < 0 on 
[a, b], and by the preceding paragraph, y’(u) > 0. 
Therefore, 
0 >y’(b) -y’(a) = Jby” = (I”Pj y(&)) -I‘” (IbPjy’(g(t))g’(t)dt. (*) 
n a a t 
However, for a < t < b one has g(t) > g(b) > t, , so that y’(g(t)) > 0, and 
(S:P)gxt) 2 0 f  or a < t < b. Hence, relation (*) yields a contradiction. 
We conclude that y’(t) < 0 on [g(g(tJ), tn], and since p(t) > 0 on this 
interval, one gets 
[tP2 - g(tn)l Y’(L) = Y(b) - Yk(hLN + Jg;: [y - dhJ1 p(r) y(g(y)) dr, 
11 
) 
whereby it follows that P(t,) < I, a contradiction. 
Therefore, y(t) oscillates. 1 
Proofs of Corollaries 5.2-5.3. Relation (*) of the proof of 5.1 has an 
analog for differential inequalities y”(t) >p(t)yY(g(t)), 0 < x < 1. There- 
fore, the proof of 5.1 can be modified to prove the corollaries, with the help 
of the proof of Theorem 3.1. 1 
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